Abstract. We recall fundamental aspects of the pluriclosed flow equation and survey various existence and convergence results, and the various analytic techniques used to establish them. Building on this, we formulate a precise conjectural description of the long time behavior of the flow on complex surfaces. This suggests an attendant geometrization conjecture which has implications for the topology of complex surfaces and the classification of generalized Kähler structures.
Introduction
The Enriques-Kodaira classification of compact complex surfaces is a landmark achievement of 20th century mathematics, exploiting deep techniques from complex analysis, partial differential equations and algebraic geometry to give a descriptive classification of complex manifolds of complex dimension 2. Despite being dubbed a classification, many questions remain unanswered, and the structure of complex surfaces remains an active area of research to this day. As the classical uniformization of Riemann surfaces profoundly intertwines complex structures and associated canonical Riemannian geometries, it is natural to try to associate canonical metrics to complex surfaces in order to provide further insight. The purpose of this article is to describe such a "geometrization conjecture" for compact complex surfaces. Specifically we aim to associate canonical families of Hermitian metrics on all complex surfaces via a universal geometric flow construction, and use properties of the resulting metrics to capture aspects of the underlying complex structure, and in particular yield the classification of Kodaira's Class VII surfaces.
This strategy for understanding complex surfaces is inspired by Perelman's landmark resolution of Thurston's Geometrization Conjecture for 3-manifolds using Ricci flow [63, 65, 64, 47, 58] . Thurston [89] sought to decompose any compact 3-manifold into pieces, each of which admits canonical Riemannian metrics, the models of which are inspired by a thorough understanding of possible locally homogeneous spaces. In 1982, Hamilton introduced the Ricci flow equation and used it to classify compact 3-manifolds with positive Ricci curvature. Over the ensuing decades Hamilton further developed the theory of Ricci flow, eventually giving a conjectural description of the singularity formation and long time behavior of the flow, which would lead to a proof of Geometrization. Exploiting many deep insights into the structure of Ricci flow, Perelman achieved a precise description of this singularity formation, in particular yielding Geometrization. Amazingly, this one analytic tool provides both the topological decomposition of the underlying 3-manifold as well as an essentially canonical construction of the relevant geometric structures.
Inspired by this story, the author and Tian sought to bring the philosophy of geometric evolution to bear in understanding the topology and geometry of complex manifolds [81, 80] .
Of course Ricci flow has already had a strong influence in complex, Kähler, geometry. The Ricci flow equation preserves Kähler geometry, and Cao initiated the study of Kähler-Ricci flow, [11] using it to reprove the Calabi-Yau [103] and Aubin-Yau Theorems [4, 103] , canonically constructing Kähler-Einstein metrics on manifolds with c 1 = 0, c 1 < 0 respectively. More recently, Song-Tian initiated the analytic minimal model program [70] , seeking to understand the algebraic minimal model program through the singularities of Kähler-Ricci flow. However, there are many examples of complex, non-Kähler manifolds, starting with the basic example of Hopf who constructed complex structures on S 3 × S 1 . The Kähler-Ricci flow cannot be employed on such manifolds, and one can show that for non-Kähler metrics the Ricci flow will not even preserve the condition that a metric is Hermitian, thus one must look elsewhere to apply the ideas of geometric evolutions. Thus the pluriclosed flow equation [80] was introduced as an extension of Kähler-Ricci flow which preserves natural conditions for Hermitian, non-Kähler metrics.
Following the general philosophy of geometric evolutions, one expects the limiting behavior of pluriclosed flow to meaningfully reflect aspects of the complex structure and topology of the underlying surface. Up to now results have been established which support the main conjecture on the maximal smooth existence time of the flow, and we will recount these below. Moreover we have phenomenological results in the locally homogeneous setting which suggest the general limiting behavior of the flow in many cases [7] . However, there is not yet a precise conjectural picture of how the flow behaves on most complex surfaces, most importantly Kodaira's Class VII + surfaces. These are minimal complex surfaces of negative Kodaira dimension and b 2 > 0. Conjecturally these are all diffeomorphic to S 3 × S 1 #kCP 2 , with a complete description of the different complex structures. Despite the relative simplicity of the underlying diffeotypes, these represent a large and varied class of surfaces, and their classification remains the main open problem in the Kodaira classification of surfaces. In this article we formulate precise conjectures on the limiting behavior of the pluriclosed flow on all complex surfaces, and announce a number of new global existence and convergence results in support of these conjectures. Furthermore, it turns out that the pluriclosed flow is also related to Hitchin's "generalized geometry" program. The first hint of this was shown in [82] , where the author and Tian showed that the pluriclosed flow equation actually preserves the delicate integrability conditions of Gualtieri/Hitchin's "generalized Kähler geometry," a subject with roots in mathematical physics. We will see in part III below that the conjectural framework for pluriclosed flow leads to a classification of generalized Kähler structures on complex surfaces. One example of particular interest is the case of CP 2 , where the global existence and convergence of the pluriclosed flow implies a uniqueness theorem for generalized Kähler structures, extending Yau's theorem on the uniqueness of the complex structure [102] .
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Part I: Pluriclosed flow The Kähler condition is the simplest, and strongest, integrability condition for a Hermitian metric. The pluriclosed condition is essentially the only weakening of the Kähler condition which is linear in the Kähler form. As the aim is to understand all complex surfaces through the geometry of pluriclosed metrics, the following result of Gauduchon is of fundamental importance. In particular, applying this theorem in the case n = 2, we see that every compact complex surface admits pluriclosed metrics. It is well known that for a Kähler manifold, the Levi-Civita connection preserves J, and is the unique Hermitian connection associated to the pair (g, J). When the metric is not Kähler, there is a natural one-parameter family of Hermitian connections associated to (g, J) ( [32] ). Two of these are particularly relevant to pluriclosed flow, namely the Bismut and Chern connections, defined by: 
dω(JX, Y, Z).
These connections induce curvature tensors Ω B and Ω C , and also connections on the canonical bundle, yielding in turn representatives of the first Chern class:
By Chern-Weil theory we know that dρ B,C = 0, and ρ B,C ∈ c 1 . However, it is not the case in general that ρ B is of type (1, 1) . Of course in the Kähler setting ρ B = ρ C = ρ, the Ricci form of the underlying metric.
The classical quest for canonical metrics on manifolds often centers around existence questions for Einstein metrics, i.e. solutions of Rc = λg for some constant λ. Hamilton [38] introduced the Ricci flow ∂ ∂t g = − 2 Rc as a tool for constructing such metrics by the parabolic flow method. Cao [11] observed that the Ricci flow equation will preserve the Kähler condition, and can be expressed in terms of the Kähler form as
where the last expression holds in local complex coordinates.
Given the vast array of analytic tools and structure available for Ricci flow, one would want to use it to understand complex manifolds beyond the Kähler setting. However, for a general Hermitian metric the Ricci tensor is not of (1, 1) type and thus the Ricci flow equation will not preserve the class of Hermitian metrics. For this reason we are forced to define a new equation if we are to preserve aspects of Hermitian, non-Kähler geometry. In [81] the author and Tian introduced a family of parabolic equations for Hermitian metrics on complex manifolds. Let
, which is a kind of Ricci tensor defined using the Chern connection, and is always a (1, 1) form. Furthermore, we let T denote the torsion of the Chern connection, and let Q = T ⋆ T denote an arbitrary quadratic in T which satisfies Q ∈ Λ 1,1 . In [81] the author and Tian defined the class of flow equations:
referring to these generally as Hermitian curvature flow. We showed that for an arbitrary choice of Q this equation is strictly parabolic and satisfies various natural analytic conditions such as smoothing estimates and stability near Kähler-Einstein metrics. In [81] a particular choice of Q was identified corresponding to the Euler equation of a certain Hilbert-type functional in Hermitian geometry. More recently Ustinovskiy [99] showed that for a different choice of Q the flow will preserve various curvature positivity conditions, leading to extensions of the classical Frankel conjecture into non-Kähler geomery. Given the rich diversity of Hermitian geometry, it is natural to expect that different flows, i.e. different choices of Q, would be needed to address different situations. In [80] the author and Tian identified a particular choice of Q which yields a flow which preserves the pluriclosed condition, specifically
As it turns out the resulting flow equation has several different useful manifestations, and we record the fundamental definition including some of these forms.
Definition 2.3. Let (M 2n , J) be a complex manifold. We say that a one-parameter family of pluriclosed metrics ω t is a solution of pluriclosed flow if
This is an example of Hermitian curvature flow, which is well posed for arbitrary Hermitian metrics. With pluriclosed initial data it can also be expressed using the Bismut curvature as
It is useful to furthermore express the flow in local complex coordinates, yielding
As an example of Hermitian curvature flow, there exist short time solutions on compact manifolds as remarked above. Arguing specifically in this setting, it turns out that the operator ρ 1,1 B , restricted to the class of pluriclosed metrics, is strictly elliptic. In fact, the symbol of the linearized operator is just the Laplacian with respect to the given metric. This renders pluriclosed flow a strictly parabolic equation, and so by appealing to general theory we can obtain short time existence on compact manifolds. Moreover, comparing (2.3) and (2.1), it is natural to expect that if we start the flow with Kähler initial data then it is a solution of Kähler-Ricci flow. This in fact holds, so to summarize:
, J) be a compact complex manifold. Suppose ω 0 is a pluriclosed metric on M. Then there exists ǫ > 0 and a unique solution to pluriclosed flow ω t with initial condition ω 0 . If ω 0 is Kähler, then ω t is the unique solution to Kähler-Ricci flow with initial data ω 0 .
Having obtained short time solutions, the main task is to describe the maximal smooth existence time, as well as the limiting behavior at this time, in general a formidable task. The remainder of this paper is devoted to giving precise conjectures on these questions in the specific case of complex surfaces.
Remark 2.5. We point out that a different geometric flow approach has been introduced to study complex surfaces, the Chern-Ricci flow:
This flow also preserves the pluriclosed condition, and reduces to a scalar PDE modeled on the parabolic complex Monge-Ampere equation. A crucial qualitative distinction between this flow and pluriclosed flow is that for Chern-Ricci flow the torsion is fixed as a tensor along the flow, i.e. dω t = dω 0 , whereas for pluriclosed flow the torsion tensor satisfies a parabolic PDE. Despite this difference there are similarities between the results and expectations of pluriclosed flow and Chern-Ricci flow, especially in the cases of positive Kodaira dimension, where it is natural to rescale by "blowing down" the flow, which then yields dω t = e −t dω 0 , allowing for convergence to Kähler metrics. Specifically, the analogue of Conjectures 6.3 and 7.1 below were shown to hold for Chern-Ricci flow ([97] Theorem 1.7, [98] Theorem 1.1).
Differences start to appear in Kodaira dimension zero. For instance, as shown in [34] , given an arbitrary Hermitian metric on the torus, the Chern-Ricci flow will exist globally and converge to a Chern-Ricci flat, but not necessarily flat, metric. Here the fact that dω t = dω 0 prevents the flow converging to a Kähler metric when starting from a non-Kähler metric in this setting. This is related to the fact that there is an infinite dimensional moduli space of pluriclosed Chern-Ricci flat metrics on the torus, using perturbations of the flat metric via ∂α + ∂α. Alternatively, Theorem 4.4 shows that the pluriclosed flow on the torus, with arbitrary initial data, exists globally and converges to a flat metric.
The differences become even more stark for Kodaira dimension −∞, where for instance pluriclosed flow has fixed points on Hopf surfaces, whereas Chern-Ricci flow always encounters a finite time singularity. Also on CP 2 the Fubini-Study metric is stable for normalized pluriclosed flow (also see Theorem 9.4 below for more general convergence results), whereas normalized Chern-Ricci flow will satisfy dω t = e t dω 0 , and so cannot converge to Fubini-Study for non-Kähler initial data. In a strange quirk, the geometry of Inoue surfaces again requires a blowdown to obtain a geometric limit, so here again the expectations between the two flows agree, and the natural analogue of Conjecture 7.5 for Chern-Ricci flow was shown to hold for certain initial data [24] .
2.2. Pluriclosed flow as a gradient flow. The original motivation for defining pluriclosed flow came from complex geometry, aiming to preserve natural properties of Hermitian metrics. As it turns out, this equation has a remarkable and useful relationship to the Ricci flow or, more precisely, the generalized Ricci flow which couples to the heat equation for a closed three-form. 
Notice that we may apply a family of diffeomorphisms to remove the Lie derivative terms, yielding a solution of the system of equations
This system of equations originally arose in mathematical physics in the context of renormalization group flow in the theory of σ-models. The author studied this system under the name "connection Ricci flow" [74] and "generalized Ricci flow" [76] due to the relationship to the curvature of the Bismut connection and generalized geometry. Notice that in the context of pluriclosed flow, if we apply the relevant gauge transformation to produce a solution (g t , H t ) to (2.5), then g t remains a pluriclosed metric, but with respect to the appropriately gaugemodified family of complex structures. This seemingly minor point is actually an essential and rich feature of the generalized Kähler-Ricci flow, explained in §9. But first, the primary analytic consequence of Theorem 2.6 is the realization of pluriclosed flow as a gradient flow. As shown in [62] , (2.5) is the gradient flow of the first eigenvalue of a certain Schrödinger operator, extending Perelman's monotonicity formulas for Ricci flow. We briefly describe this construction, and the reader should consult ( [62, 63] ) for further detail. To begin we define the functional
. This functional obeys a monotonicity formula when f obeys the appropriate conjugate heat equation, which is the adjoint of the heat equation with respect to the spacetime L 2 norm, in particular
Given (g t , H t ) a solution of generalized Ricci flow, and f t is an associated solution of (2.7), then one obtains the equation
The right hand side is of course nonnegative, so that F is monotone nondecreasing. Underlying this monotonicity is the fact that generalized Ricci flow is the gradient flow of the lowest eigenvalue λ of the operator −4∆ + R − 1 12 These monotonicity formulas have strong consequences for the singularity formation and conjectural framework for pluriclosed flow. In particular, this monotonicity formula motivates a key concept, that of a generalized Ricci soliton. These are triples (g, H, f ) such that
which by (2.8) correspond to critical points for F or λ. Given such a triple (g, H, f ), the solution to generalized Ricci flow with this initial data evolves via pullback by the 1-parameter family of diffeomorphisms generated by −∇f , and so these solutions are self-similar, and thus a natural, more general notion of a fixed point for generalized Ricci flow.
Conjectural existence properties
In this section we describe the conjectural maximal smooth existence time for pluriclosed flow on compact complex manifolds, and give a more refined picture in the case of complex surfaces, following [83] . We first recall the fundamental theorem of Tian-Zhang [95] on the maximal smooth existence of Kähler-Ricci flow. We then extend the formal definition behind this result to the case of pluriclosed flow, and state the relevant conjectures. To finish we recall a result of [83] giving a characterization of the relevant positive cone in cohomology on complex surfaces which allows us to explicitly compute the formal existence time for the flow in part II. 
Furthermore, define the Kähler cone via
The structure of the Kähler cone plays a fundamental role in understanding the singularity formation of the Kähler-Ricci flow. First note that an elementary consequence of the Kähler-Ricci flow equation is that
Thus the Kähler class moves along a ray in K, and we thus obtain an upper bound for the possible smooth existence time: The proof requires the development of a priori estimates for the metric along the flow. The fundamental role played by the formal considerations above is that, for times t < τ * (ω 0 ), it is possible to reduce the Kähler-Ricci flow to a scalar PDE modeled on the parabolic complex Monge-Ampere equation. This allows for various delicate applications of the maximum principle to obtain control over the metric as long as t < τ * (ω 0 ).
3.2.
A positive cone and conjectural existence for pluriclosed flow. Now we follow the discussion of the previous subsection and investigate the formal existence time for pluriclosed flow. First we define the relevant positive cone, this time in an Aeppli cohomology space.
Furthermore, define the real (1, 1) Aeppli cohomology via
The restriction to real (1, 1) forms make these different spaces from what is usually referred to as Bott-Chern and Aeppli cohomology. Nonetheless in what follows we will drop the R from the notation and always mean these spaces defined above. Lastly, we define the (1, 1) Aeppli positive cone via
Note that P consists precisely of the (1, 1) Aeppli classes represented by pluriclosed metrics. Similarly to (3.1), we want to derive an ODE for the Aeppli classes associated to a solution of pluriclosed flow. First note that, on a general complex manifold, the first Chern class c 1 is an element of (1, 1) Bott-Chern cohomology. There is a natural inclusion map i :
, and using this inclusion we consider c 1 as an element of (1, 1) Aeppli cohomology, without further notation. Thus, given a solution ω t of pluriclosed flow (2.3), we compute as an equation of (1, 1) Aeppli classes,
Thus precisely as in the Kähler-Ricci flow case we obtain, as an equation of (1, 1) Aeppli classes,
This formal calculation allows us to derive an upper bound for the maximal smooth existence time of a solution to pluriclosed flow, whose proof is identical to that of Lemma 3.2.
Lemma 3.5. Let (M 2n , g 0 , J) be a complex manifold with pluriclosed metric. Let
and let T denote the maximal smooth existence time for the pluriclosed flow with initial
What follows is the main conjecture guiding the study of pluriclosed flow. While Lemma 3.5 indicates the elementary fact that the maximal existence time for the flow can be no larger than τ * (ω 0 ), Conjecture 3.6 indicates that the flow is actually smooth up to time τ * (ω 0 ), i.e. that it equals the maximal existence time. 3.3. Characterizations of positive cones. As a guide for the nature of singularity formation as one leaves the positive cone it is useful to have a characterization of the necessary and sufficient conditions for cohomology classes to lie in the appropriate positive cone. We give such a characterization in the case n = 2 in this subsection. First, for a given complex surface define
By ( A natural question is whether there is a characterization of P in higher dimensions. In such cases it is not even clear how to define natural conditions which only depend on Aeppli cohomology classes. As the quantity M ω ∧ γ 0 will be fixed along a solution to pluriclosed flow, as a corollary of this theorem we obtain a clean characterization of the quantity τ * :
(1, 0)-form reduction
As described above, the proof of Theorem 3.3 rests on the key fact that the Kähler-Ricci flow, for times t < τ * (ω 0 ), the Kähler-Ricci flow can be reduced to a scalar equation. Due to the ∂∂-lemma, we know that locally Kähler metrics admit scalar potential functions, and thus one expects any variation of Kähler metrics to reduce to a variation of Kähler potentials, up to global topological considerations. Locally this PDE is modeled on the parabolic complex Monge-Ampere equation,
where ω = √ −1∂∂f . Using the scalar reduction, various maximum principle arguments are employed to obtain C ∞ estimates for f , and thus the Kähler-Ricci flow ( [95] ). Turning to the pluriclosed flow, we first note that in non-Kähler geometry, Hermitian metrics, even pluriclosed, cannot be described by a single potential function. Thus it is not reasonable to expect to reduce the pluriclosed flow to a scalar PDE. Instead, pluriclosed metrics admit local potential (1, 0) forms. In particular, a short agument using the Dolbeault lemma shows that for any pluriclosed metric, locally there exists a (1, 0)-form α such that ω = ∂α + ∂α. Thus for a solution to pluriclosed flow, locally we can express ω t = ω αt := ∂α t + ∂α t , and using (2.3) one can show that α t should locally satisfy the PDE
Observe that this is a strict generalization of (4.1), where if the metric is Kähler and α t = √ −1 2 ∂f , then the PDE for α corresponds to that satisfied by the gradient of a function evolving by (4.1). As it turns out, equation (4.2) is degenerate parabolic, with the degeneracy arising from the redundancy wherein α and α + ∂f describe the same metric for f ∈ C ∞ (M, R). A full, positive resolution of Conjecture 3.6 will hinge on a complete understanding of equation (4.2). Using this reduced equation, we have acheived many global existence and convergence results which confirm Conjecture 3.6 in a variety of cases, and these are described below. We will not give a full account of the proofs of these results here, but rather describe one key estimate underlying all of these proofs. In establishing regularity of Kähler-Ricci flow, it is crucial to obtain the C 2,α estimate for the potential in the presence of C [23, 52] ). On the other hand, thinking in terms of the metric tensor, this is a C α estimate in the presence of uniform parabolicity bounds. As the pluriclosed flow is a parabolic system of equations for the Hermitian metric g, an estimate of this kind would be analogous to the DeGiorgi-Nash-Moser/Krylov-Safonov [14, 61, 59, 53, 54] estimate for uniformly parabolic equations. However, these results are false for general systems of equations [15] . Despite these challenges we are able to obtain this an estimate of this kind by uncovering a kind of convexity structure described below.
We give an informal statement of the result here, which combines ([75] Theorems 1.7, 1.8), referring there for the precise claims. 
Then there exist uniform C ∞ estimates for g t on [0, τ ).
The crucial point behind this theorem is a sharp differential inequality for a delicate combination of first derivatives of the potential α. In particular, consider the section of Sym
The form of this matrix is inspired in part by Legendre transforms [84] , and in part from its appearance as the "generalized metric," in generalized geometry [35] , where i∂α plays the role of the "B-field." A delicate computation shows that LW ≤ 0, where L is the Laplacian of the time-dependent metric. Using this together with the fact that det W = 1 it is possible to obtain a C α estimate for the matrix W , which yields C α estimates for g. Via a blowup argument one then obtains all higher order estimates.
Thus using this theorem we see that the remaining obstacle to establish Conjecture 3.6 is to obtain a uniform lower bound for the metric along the flow. This is a significant hurdle, which is overcome in the Kähler setting through a delicate combination of maximum principles for the parabolic complex Monge-Ampere equation. There are many cases where Conjecture 3.6 can be established by exploiting some further underlying geometric structures. The simplest case to address is that of manifolds with nonpositive bisectional curvature:
) is a compact complex surface, with Hermitian metric h with nonpositive holomorphic bisectional curvature. Given g 0 a pluriclosed metric on M, the solution to normalized pluriclosed flow exists for all time.
In general the limiting behavior at infinity in the above theorem can be delicate, involving contraction of divisors as well as collapsing. With a further curvature restriction we can obtain a convergence result as well:
) is a compact complex surface, with Hermitian metric h with constant negative bisectional curvature. Given g 0 a pluriclosed metric on M, the solution to normalized pluriclosed flow exists for all time and converges to h.
Also, we can obtain convergence to a flat metric in the case of tori, which requires further a priori estimates and use of the F -functional described in §2.2. This theorem confirms the basic principle that pluriclosed flow cannot develop "local" singularities. For instance, on any manifold one can choose initial metrics whereby the Ricci flow develops topologically trivial neckpinches. The rigidity of pluriclosed metrics/pluriclosed flow apparently prevents the construction of such singular solutions.
Pluriclosed flow of locally homogeneous surfaces
Having described fundamental analytic aspects governing the regularity of pluriclosed flow, we now turn to describing the behavior of locally homogeneous metrics, which in principle give the prototypical behavior for different classes of complex surfaces. As we will see the pluriclosed flow naturally incorporates two classical points of view on canonical geometries: "geometric structures" in the sense of Thurston and (Kähler) Einstein metrics. In this section we recall fundamental aspects of Thurston geometries and how pluriclosed flow of locally homogeneous metrics relates to these structures.
5.1.
Wall's Classification. In 1985 Wall, directly inspired by the Thurston geometrization conjecture [89] , sought to understand complex surfaces through the use of Thurston's "model geometries." By combining elements of Lie theory with results from the Kodaira classification he gave a complete classification of complex surfaces admitting model geometric structure. Following [100] we will briefly recall these results and later describe the relationship of pluriclosed flow to this classification. We recall the fundamental definition: Definition 5.1. A model geometry is a triple (X, g, G) such that (X, g) is a complete, simply connected Riemannian manifold, G is a group of isometries acting transitively on (X, g), and G has a discrete subgroup Γ such that Γ\X is compact.
Let us very briefly describe the model geometries up to dimension 4, only indicating the space X. In dimension 1 there is a unique geometry, the real line. In dimension 2 there are three, namely S 2 , R 2 , and H 2 . In dimension three there are eight geometries, classified by Thurston [90] . First there are S 3 , R 3 , and H 3 , as well as the product geometries S 2 × R and H 2 × R. Another example is SL 2 , the universal cover of the unit tangent bundle of H 2 , with metric left-invariant under the natural Lie group structure. Also one has Nil 3 , the unique simply connected nilpotent Lie group in three dimensions, as well as a solvable Lie group Sol 3 , realized as an extension R 2 ⋉ α R, where α(t)(x, y) = (e t x, e −t y), again with left invariant metric.
In four dimensions these geometries were classified by Filipkiewicz [26] . 
Another geometry denoted F 4 is identified which we ignore as it admits no compact models. In describing the existence of compatible complex structures on these geometries, some subtleties arise. We recall the main theorems of Wall [100] here.
Theorem 5.2.
(1) A model geometry X carries a complex structure compatible with the maximal connected group of isometries if and only if X is one of:
4 admits a complex structure compatible with R 4 ⋉ U 2 , and S 3 × R admits a complex structure compatible with U 2 × R. All other geometries admit no compatible complex structure. 
Existence and convergence results.
For locally homogeneous pluriclosed metrics, the pluriclosed flow will reduce to a system of ODE which greatly simplifies the analysis. We record theorem statements here assuming familiarity with the Kodaira classification of surfaces, described in more detail in part II. First there is a complete description of the long time existence behavior as well as the limiting behavior on the universal cover. Otherwise, there is a blowdown limit
of the induced flow on the universal cover which is an expanding soliton in the sense that
It is implicit in the proof that one can actually recover the underlying complex surface from the asymptotic behavior of the flow. In particular, if a locally homogeneous solution to pluriclosed flow encounters a finite time singularity, then the singularity is of type I and the underlying complex surface is rational or ruled. If it is type IIb, i.e. |Rm| t → ∞, then the underlying manifold is a diagonal Hopf surface, whereas if it is type III, i.e. |Rm| t < ∞, then the underlying manifold is one of the remaining surfaces in the Wall classification, i.e. a torus, hyperlliptic, Kodaira, or Inoue surface. In fact, much sharper statements can be made concerning the Gromov-Hausdorff limits at infinity which recover precisely the underlying complex surface. (1) If the surface is a torus, hyperelliptic, or Kodaira surface, then the family (M,ω t ) converges as t → ∞ to a point in the Gromov-Hausdorff topology. (2) If the surface is an Inoue surface, then the family (M,ω t ) converges as t → ∞ to a circle in the Gromov-Hausdorff topology and moreover the length of this circle depends only on the complex structure of the surface. 
Part II: Geometrization of complex surfaces
First we recall the rudimentary aspects of the Kodaira classification of surfaces, referring the reader to the classic text [5] for a very detailed accounting. The first main tool for classifying complex surfaces is the Kodaira dimension. If (M 4 , J) is a complex surface, let K denote the canonical bundle, and let p n = dim H 0 (K ⊗n ) denote the plurigenera of M. If all p n are zero, we say that the Kodaira dimension of M is kod(M) = −∞. Otherwise kod(M) is the smallest integer k such that pn n k is bounded, which is no greater than 2 in this case, giving the four possibilities, −∞, 0, 1 and 2. Within these four classes one wants to understand which surfaces admit Kähler metrics. Applying the Kähler identities to Dolbeault cohomology, one obtains that the odd Betti numbers of a Kähler surface are even. Building on many results in the Kodaira classification, Siu [67] proved the converse: if b 1 (M) is even then the surface admits Kähler metrics. Later, direct proofs of this equivalence were given by Buchdahl [9] , Lamari [55] . This leaves in principle eight classes of surfaces, although it follows from Grauert's ampleness criterion (cf. [5] IV.6) that any surface with kod(M) = 2 is projective, and hence Kähler, thus non-Kähler surfaces only occur for kod(M) ≤ 1, leaving seven classes. We will address each of these classes in turn, and state the conjectural behavior of pluriclosed flow for each case.
Conjectural limiting behavior on Kähler surfaces
It is natural to ask why one would bother studying pluriclosed flow on a Kähler surface, since one can detect via topological invariants whether a given complex surface admits Kähler metrics, and thus simply study Kähler-Ricci flow on these manifolds to produce canonical geometries. However, as we ultimately want to apply pluriclosed flow as an a priori geometrizing process relying on minimal hypotheses, understanding its properties with arbitrary initial data even on Kähler manifolds plays an important philosophical role. Moreover, Kähler surfaces are a rich class of complex manifolds on which to test the naturality and tameness of pluriclosed flow from a PDE point of view. Most importantly, as we will see in part III, there are concrete applications to understanding the classification of generalized Kähler manifolds that cannot be approached through the Kähler-Ricci flow.
Having said this, the guiding principle here is quite simple: "Pluriclosed flow behaves like Kähler-Ricci flow on Kähler manifolds." To illustrate, note that Theorems 4.3 and 4.4 yield the same existence time, and converge to the same limits as, the Kähler-Ricci flow in those settings. The conjectures to follow below all follow this principle.
Remark 6.1. In the discussion below we make the assumption that the underlying complex surface is minimal, i.e. free of (−1)-curves. By a standard argument ( [5] Theorem III.4.5) one can perform a finite sequence of blowdowns to obtain a minimal complex surface. Thus from the point of view of complex geometry little is lost by considering only minimal surfaces. Of course from the point of view of analysis one still would like to know what happens to the flow in the general setting. An elementary calculation using the adjunction formula shows that pluriclosed flow homothetically shrinks the area of (−1) curves to zero in finite time. Conjecturally one expects that pluriclosed flow "performs the blowdown" in an appropriate sense. This has been confirmed in some special cases for Kähler-Ricci flow [71] .
6.1. Surfaces of general type. By definition these are complex surfaces with Kodaira dimension 2. These surfaces have c More generally, these surfaces can have c 1 ≤ 0, admitting finitely many −2 curves, and their canonical models are orbifolds obtained by contraction of these curves. Tian-Zhang [95] proved in this setting that the Kähler-Ricci flow exists globally, converging after normalization to the unique oribfold Kähler-Einstein metric on the canonical model. To describe the conjectured behavior of the pluriclosed flow, we first compute the formal existence time. By choosing a background metric with ρ( ω) ≤ 0, given any pluriclosed metric ω 0 it follows that ω 0 − tρ( ω) > 0, and so τ * (ω 0 ) = ∞. Thus we expect the pluriclosed flow to exist globally on such manifolds, and converge after normalization to the unique Kähler-Einstein metric on the canonical model. Theorem 4.3 confirms this conjecture for a large class of surfaces of general type. Conjecture 6.3. Let (M, J) be a complex surface of general type. Given ω 0 a pluriclosed metric, the solution to pluriclosed flow with initial condition ω 0 exists on [0, ∞), and the solution to the normalized pluriclosed flow exists on [0, ∞) and converges exponentially to ω KE , the unique orbifold Kähler-Einstein metric on the associated canonical model.
Properly Elliptic surfaces.
By definition these are Kähler complex surfaces of Kodaira dimension 1. For such surfaces there is a curve Σ together with a holomorphic map π : X → Σ such that the canonical bundle of M satisfies K = π * L for an ample line bundle L over Σ. Further, the generic fiber of π is a smooth elliptic curve, and we call such points regular. Near regular points we obtain a map to the moduli space of elliptic curves, and thus we can pull back the L 2 Weil-Petersson metric to obtain a semipositive (1, 1) form ω W P on the regular set. This form plays a key role in describing the limiting behavior of Kähler-Ricci flow on these surfaces, done by Song-Tian [69] 
(1) ω t converges to π * ω ∞ ∈ −2πc 1 (M) as currents for a positive current ω ∞ on Σ. (2) ω ∞ is smooth on Σ reg and ρ(ω ∞ ) is a well-defined current on Σ satisfying
Turning to pluriclosed flow, we first note that since K M is semiample, there exists a background metric with nonpositive Ricci curvature, and using this background metric it is clear that for any pluriclosed metric ω 0 one has τ * (ω 0 ) = ∞. Furthermore, we conjecture the same limiting behavior as the Kähler-Ricci flow: For the pluriclosed flow, first note that as c 1 = 0, the Aeppli cohomology class is fixed along pluriclosed flow, and so τ * (ω 0 ) = ∞ for any g 0 , thus following the general principle we conjecture global existence, as well as convergence to a Calabi-Yau metric. 
where V is a holomorphic vector field. Koiso [51] showed the existence of a soliton on CP 2 #CP 2 using a symmetry ansatz. Later Wang-Zhu [101] showed the existence of Kähler-Ricci solitons on all toric Kähler manifolds of positive first Chern class, in particular covering the case of CP 2 #2CP 2 .
It is natural to expect the Kähler-Ricci flow to converge to these canonical metrics, when they exist. There is a fairly complete picture of the Kähler-Ricci flow on Fano surfaces confirming this expectation:
, J) be a compact Fano surface admitting a Kähler-Ricci soliton (ω KRS , X). Given ω 0 ∈ c 1 a Kähler metric which is G X -invariant, where G X is the one-parameter subgroup generated by Im(X), the solution to normalized Kähler-Ricci flow exists on [0, ∞) and converges to a Kähler-Ricci soliton.
For the pluriclosed flow in the Fano setting, the normalized flow will fix the Aeppli cohomology class, and thus we expect global existence of the flow, and convergence to a soliton when one exists. Conjecture 6.10. Let (M 4 , J) be a compact Fano surface admitting a Kähler-Ricci soliton (ω KRS , X). Given ω 0 ∈ c 1 a Kähler metric which is G X -invariant, where G X is the oneparameter subgroup generated by Im(X), the solution to normalized pluriclosed flow exists on [0, ∞) and converges to a Kähler-Ricci soliton.
As mentioned in the introduction, this conjecture would have consequences for the classification of generalized Kähler structures, and this will be detailed in part III below. As we describe in Theorem 9.4 below, the global existence of the normalized pluriclosed flow as well as a weak form of convergence can be established on CP 2 , which proves a kind of uniqueness for generalized Kähler structure on CP 2 . Beyond Fano surfaces, the behavior of Kähler-Ricci flow more generally on rational and ruled surfaces can be quite delicate. Even on a fixed Hirzebruch surface the Kähler-Ricci flow can exhibit diverse behavior depending on the initial Kähler class. In particular, SongWeinkove ([71] Theorem 1.1) confirmed a conjecture of Feldman-Ilmanen-Knopf ( [25] ) and showed that the flow can collapse CP 1 fibers, shrink to a point, or contract exceptional divisors, depending on the choice of initial Kähler class. More generally Song-Székelyhidi-Weinkove ( [68] ) established contraction of the fibers for more general ruled surfaces. Rather than delving into these possibilities we refer to the general principle that one expects the same kinds of singularity formation for the pluriclosed flow.
Conjectural limiting behavior on non-Kähler surfaces
We now turn to the case of non-Kähler surfaces. As it turns out, most complex surfaces outside of Class VII + admit locally homogeneous metrics, and thus admit special solutions to pluriclosed flow as described in Theorems 5.3, 5.4. It is natural to expect that the convergence behavior on such manifolds for arbitrary initial data is the same as that in the homogeneous case, and we formalize and expand on this below. Turning to the case of Class VII + , we do not have homogeneous solutions available to guide us. Nonetheless based on some examples and carefully inspecting monotonicity formulas for pluriclosed flow, we motivate a conjectural description of all long time solutions, which is loosely related to the theory of complete Calabi-Yau metrics on the complement of canonical divisors in surfaces, pioneered by Tian-Yau [92, 93] . ) that only multiple fibers can occur, and thus there is a finite covering of M which is an elliptic fiber bundle over a new curve which is a branched cover of the original base curve. Furthermore, the condition kod(M) = 1 is equivalent to the Euler characteristic of the base curve being negative, and these are called properly elliptic surfaces. For these surfaces the canonical bundle is numerically effective, and so it follows from Corollary 3.8 that τ * (ω 0 ) = ∞ for any initial metric, and thus we expect global existence of pluriclosed flow. Due to the lack of singular fibers, the expected limiting behavior in this case is actually simpler than that observed previously for the Kähler-Ricci flow on elliptic surfaces of Kodaira dimension 1 (cf. Theorem 6.4). Also, for these surfaces it follows from ([100] Theorem 7.4) that M admits a geometric structure modeled on SL 2 × R. Thus in particular Theorem 5.4 (3) gives a class of metrics exhibiting global existence and Gromov-Hausdorff convergence to the base curve. Moreover, by Theorem 5.3, there exists a blowdown limit of the solutions at infinity. These exhibit the interesting behavior that the blowdown limits on the universal covers are invariant metrics on H×C, so that the geometric type "jumps" in the limit. This behavior is conjecturally universal. ) converges in the Gromov-Hausdorff topology to (B, ω KE ), the base curve with canonical orbifold Kähler-Einstein metric. On the universal cover of M there is a blowdown limit ω ∞ (t) = lim s→∞ s −1 ω(st) which is a locally homogeneous expanding soliton.
Recently we were able to establish some cases of this conjecture, namely for initial data invariant under the torus action. ) converges in the Gromov-Hausdorff topology to (B, ω KE ), the base curve with canonical orbifold Kähler-Einstein metric. On the universal cover of M there is a blowdown limit ω ∞ (t) = lim s→∞ s −1 ω(st) which is a locally homogeneous expanding soliton. [48] , who gave the precise description of the universal covers as well as the presentations of the lattice subgroups. To describe the pluriclosed flow on these surfaces we first compute the formal existence time. Topological considerations (cf. [5] pg. 197) show that the canonical bundle of primary Kodaira surfaces is trivial. Thus K · D = 0 for all divisors D, and thus for any pluriclosed metric ω 0 it follows directly from Corollary 3.8 that τ * (ω 0 ) = ∞. Thus we expect global existence of the flow in general. Theorem 5.4 confirms this, and gives the limiting behavior of the flow, in the locally homogeneous setting, which we conjecture to be the general behavior. ) converges in the Gromov-Hausdorff topology to a point. On the universal cover of M there is a blowdown limit ω ∞ (t) = lim s→∞ s −1 ω(st) which is a locally homogeneous expanding soliton.
Similar to the case of properly elliptic surfaces, we can exploit the fibration structure to prove the conjecture for invariant initial data. ) converges in the Gromov-Hausdorff topology to a point. On the universal cover of M there is a blowdown limit ω ∞ (t) = lim s→∞ s −1 ω(st) which is a locally homogeneous expanding soliton.
7.3.
Class VII 0 surfaces. Surfaces of Class VII 0 are defined by the conditions kod(M) = −∞, b 1 = 1, and b 2 = 0. Hopf surfaces are of this type, and Inoue [43] gave classes of examples, and showed that surfaces in this class with no curves must be one of his examples. Later, using the methods of gauge theory, Li-Yau-Zheng [56] and Teleman [88] showed that all surfaces in this class are either Hopf surfaces or Inoue surfaces. We describe the conjectured behavior on these two classes of surfaces below. 7.3.1. Inoue surfaces. Inoue surfaces were introduced in [43] , giving examples of complex surfaces with b 1 = 1, b 2 = 0, and containing no curves. These come in three classes, all of which are quotients of H × C by affine subgroups, and we will recall the construction of the simplest of these classes. First, fix Z ∈ SL(3, Z), with eigenvalues α, β, β such that α > 1 and β = β. Choose a real eigenvector (a 1 , a 2 , a 3 ) for α and an eigenvector (b 1 , b 2 , b 3 ) for β. It follows that the three complex vectors (a i , b i ) are linearly independent over R. Using these we define a group of automorphisms G Z of H × C generated by g 0 (w, z) = (αw, βz),
This action is free and properly discontinuous, and so defines a quotient surface S Z = H × C/G Z . If we let G denote the subgroup generated by g 1 , g 2 , g 3 , it is clear that this is isomorphic to Z 3 , and preserves the affine varieties
These spaces are parameterized by ℑ(w 0 ), and thus the quotient H × C/G is diffeomorphic to T 2 × R + . Since g 0 preserves the fibers of this quotient, it follows that the quotient S Z is a three-torus bundle over 4) , showing that the pluriclosed flow collapses the three-torus fibers described above, yielding the base circle as the Gromov-Hausdorff limit. Moreover, he showed the existence of a blowdown limit on the universal cover which is an expanding soliton. We conjecture that this is the general behavior.
Conjecture 7.5. Let (M 4 , J) be an Inoue surface. Given ω 0 a pluriclosed metric on M, the solution ω t to pluriclosed flow with this initial data exists on [0, ∞). The family (M,ω t t ) converges as t → ∞ to a circle in the Gromov-Hausdorff topology and moreover the length of this circle depends only on the complex structure of the surface. On the universal cover of M there is a blowdown limit ω ∞ (t) = lim s→∞ s −1 ω(st) which is a canonical locally homogeneous expanding soliton.
Hopf surfaces.
Hopf surfaces by definition are all compact quotients of C 2 \{0}. A Hopf surface is called primary if its fundamental group is isomorphic to Z. Since every Hopf surface has a finite cover which is primary, we restrict our discussion to the primary case. By ([50] Theorem 30), the possible group actions on C 2 \{0} take the form
We call the resulting quotient surface (M, J α,β,λ ). It follows that M is always diffeomorphic to S 3 × S 1 , thus b 1 = 1, b 2 = 0, and the surfaces are not Kähler. We call the surface Class 1 if λ = 0, and Class 0 otherwise. Within Class 1 Hopf surfaces we call the surface diagonal if |α| = |β|.
To describe the conjectured behavior of pluriclosed flow, we begin with a simple example. On C 2 \{0}, define the metric
Written in this form, it is clear that this is a Hermitian metric which is invariant under γ(z 1 , z 2 ) = (αz 1 , βz 2 ), where |α| = |β|, and thus descends to a metric on the diagonal Hopf surfaces. Elementary calculations show that this metric is pluriclosed. Of course C 2 \{0} ∼ = S 3 × R, and as it turns out the Riemannian metric corresponding to ω Hopf is isometric to g S 3 ⊕ ds 2 , where g S 3 is the round metric on S 3 and s is a parameter on R. Further calculations reveal that the torsion tensor H is a multiple of dV g S 3 , the volume form on S 3 . Since θ = ⋆H for complex surfaces, it follows that θ is a multiple of ds, and is in particular parallel. Putting these facts together and applying Theorem 2.6, it follows that ω Hopf is a fixed point of pluriclosed flow, and in particular the pair (g, H) satisfies
Thus we see explicitly a basic principle which appears to distinguish the non-Kähler setting from the Kähler setting: for this metric the torsion acts as a "balancing force" which cancels out the positive Ricci curvature of g S 3 . Thus this metric is Bismut-Ricci flat, while certainly not Ricci flat. In fact more is true: the Bismut connection is flat. As S 3 is a simple Lie group, there are flat connections ∇ ± which are compatible with a bi-invariant metric and having torsion T (X, Y ) = ±[X, Y ]. The connection ∇ + , after taking a direct sum with a flat connection on S 1 , recovers the Bismut connection of ω Hopf . It follows from work of Cartan-Schouten ( [13, 12] ), that triples (M n , g, H) with flat Bismut connection are isometric to products of simple Lie groups and classically flat spaces, as in this example. Surprisingly, the metrics described above, which exist on diagonal Hopf surfaces, are the only non-Kähler fixed points of pluriclosed flow, a result of Gauduchon-Ivanov ( [33] Theorem 2). The central point is to employ a Bochner argument to show that the Lee form is parallel. Thus it either vanishes identically, in which case the metric is Kähler and Calabi-Yau, or it is everywhere nonvanishing and yields a metric splitting of the universal cover. Looking back at the fixed point equation, one then observes that the geometry transverse to the Lee form has constant positive Ricci curvature, and so is a quotient of the round sphere. Thus the universal cover is isometric to g S 3 ⊕ ds 2 . This identifies the metric structure, and using a lemma of Gauduchon ([31] III Lemma 11) one identifies the possible complex structures, yielding only the diagonal Hopf surfaces.
This rigidity result is surprising since it implies that a naive extension of the Calabi-Yau theorem/Cao's theorem is impossible in the context of pluriclosed flow. In particular, all Hopf surfaces have b 2 = 0 and thus c 1 = 0, and so τ * (ω 0 ) = ∞ for all ω 0 , and so one expects global existence of the pluriclosed flow. However, only the restricted class of diagonal Hopf surfaces admits fixed points. This observation, together with the Perelman-type monotonicity formula, inspired the author to look for soliton-type fixed points of pluriclosed flow, as described in §2. In [78] we were able to construct such soliton solutions of pluriclosed flow on all Class 1 Hopf surfaces, and show that Hopf surfaces are the only compact complex surfaces on which solitons can exist. Note that this is a key qualitative distinction from the case of Ricci flow, where all compact steady solitons are trivial, i.e. Einstein. While we were not able to rule out existence on Class 0 Hopf surfaces, we conjecture that they do not exist. It would be interesting to develop invariants akin to Futaki's invariants for Kähler-Einstein metrics to try to rule them out, or for that matter to rule out fixed points on non-diagonal Class 1 Hopf surfaces via such invariants.
With this background we can now state the conjectured convergence behavior. In particular, on diagonal Hopf surfaces the flow should converge to ω Hopf . More generally, for Class 1 Hopf surfaces one expects convergence to a soliton, which is presumably unique. If it is true that solitons cannot exist on Class 0 Hopf surfaces, one cannot obtain convergence to a soliton in the usual sense. Due to the nature of Cheeger-Gromov convergence, it is however possible for the complex structure to "jump" in the limit. In particular, every Class 1 Hopf surface occurs as the central fiber in a family of Hopf surfaces, all other fibers of which are biholomorphic to the same Class 0 Hopf surface. The diffeomorphism actions necessary in taking Cheeger-Gromov limits on Class 0 surfaces should result in the limiting complex structure jumping to the central fiber, i.e. the associated Class 1 Hopf surface. Conjecture 7.6. Let (M 4 , J) be a primary Hopf surface. Given ω 0 a pluriclosed metric on M, the solution ω t to pluriclosed flow exists on [0, ∞).
(1) If (M, J) is a diagonal Hopf surface, ω t converges in the C ∞ topology to ω Hopf . (2) If (M, J α,β ) is a Class 1 Hopf surface, (M, J α,β , ω t ) converges in the C ∞ CheegerGromov topology to a unique steady soliton (M, J α,β , ω S ). (3) If (M, J α,β,λ ) is a Class 0 Hopf surface, (M, J α,β,λ , ω t ) converges in the C ∞ CheegerGromov topology to a unique steady soliton (M 4 , J α,β , ω S ) on the Class 1 Hopf surface adjacent to J α,β,λ as described above.
Recently, in line with the results described above for properly elliptic and Kodaira surfaces, we are able to establish partial results confirming this behavior. In this case, for technical reasons, to establish the global existence we require an extra condition, namely that the torsion is nowhere vanishing. 
7.4.
Class VII + surfaces. Surfaces of Class VII + are defined by the conditions kod(M) = −∞, b 1 = 1, and b 2 > 0. We briefly recall a general construction of surfaces of this type due to Kato [46] , building on the initial construction of Inoue [44] . Let Π 0 denote blowup of the origin of the unit ball B in C 2 . Let Π 1 denote the blowup of a point O 0 ∈ C 0 := Π
. Let Π :B → B denote the composition of these blowups. Choose a holomorphic embedding σ : B →B such that σ(0) ∈ C k , the final exceptional divisor. Let N =B\σ(B), which has two boundary components ∂B and σ(∂B). The map σ • Π : ∂B → σ(∂B) can be used to glue these two boundaries, producing a minimal compact complex surface M = M π,σ , and such surfaces are referred to as Kato surfaces. These surfaces are diffeomorphic to S 3 × S 1 #kCP 2 , but the complex structures are minimal. It was conjectured by Nakamura ([60] Conjecture 5.5) that all complex surfaces of Class VII + are in fact Kato surfaces, and this remains the main open question in the Kodaira classification of surfaces.
One approach to resolving this conjecture focuses on a particular geometric feature shared by all Kato surfaces, that of a global spherical shell (GSS). This is a biholomorphism of an annulus in C 2 −{0} into M such that the image does not disconnect M. These are easily seen to exist in Hopf surfaces, and moreover in the construction of Kato surfaces as above, any annulus around the origin in B is a GSS. The relevance of GSS was exhibited by Kato [46] , who showed that every surface admitting a global spherical shell is a degeneration of a blown up primary Hopf surface, and moreover is a Kato surface. Later it was shown by Dloussky, Oeljeklaus, and Toma [21] that if a complex surface of Class VII + admits b 2 complex curves, then it has a global spherical shell, and is hence a Kato surface. Given this, Teleman [85] proved the existence of a curve on all Class VII + surfaces with b 2 = 1, thus finishing their classification. Moreover, when b 2 = 2 Teleman [87] showed the presence of a cycle of rational curves, again yielding the classification for this case. This deep work remains the only proof of classification of these surfaces for b 2 > 0.
In our initial joint work with Tian [80] , we conceived pluriclosed flow in part to address this classification problem. In the follow-up [83] , we discussed an argument by contradiction whereby a Class VII + with no curves at all would violate natural existence conjectures for the pluriclosed flow. However, this line of argument via contradiction still leaves us with the question of what, even conjecturally, the flow may actually do in these settings. First we address the existence time. It follows from ( [49] p. 755, [50] p. 683) that one has the following topological characteristics for any Class VII + surface:
Since the intersection form is negative definite, it follows from the adjunction formula that K · D ≥ 0 for any divisor D, with equality if and only if D is a (−2)-curve. Corollary 3.8 then implies that τ * (ω 0 ) = ∞ for any ω 0 (cf.
[83] Proposition 5.7). To describe the conjectural limiting behavior, we recall basic facts on the configuration of curves in these surfaces. In the simplest case of parabolic Inoue surfaces, corresponding to a generic sequence of blowups in the construction described above, there is a cycle of (−2) curves C i satisfying K · C i = 0, as well as an elliptic curve E satisfying K · E = 1. In general, by blowing up the same point several times in the Kato construction, one can have rational curves of high negative self intersection, which then satisfy K · C > 0. We define
It follows from the adjunction formula that Σ 0 consists of smooth rational (−2) curves, as well as rational curves with an ordinary double point and zero self-intersection.
Given these remarks on the structure of curves, a natural guess arises for the limiting behavior of pluriclosed flow which we now rule out. Along pluriclosed flow the area of curves in Σ 0 will remain fixed, while the area of curves in Σ >0 will grow linearly. This is similar to the situation for surfaces of general type, where (−2) curves remain fixed and all other curves grow linearly. In that situation, one considers the normalized flow, for which the areas of (−2) curves decay exponentially and the areas of all other curves approach a fixed positive value. It was proved by Tian-Zhang ( [95] ) that in this setting the Kähler-Ricci flow converges to a Kähler-Einstein metric on the canonical model of the original surface, which is the orbifold given by contraction of all (−2) curves. Thus one might expect a similar picture for pluriclosed flow, with the normalized flow converging to a canonical metric on an orbifold obtained by contraction of the (−2) curves on the original surface. However, it follows from a short calculation (cf. [80] Instead, let us argue proceeding from the observation that the integral of Chern scalar curvature is asymptotically b 2 t. As this implies that the scalar curvature is becoming postive on average, this would force the volume to go to zero if not for the torsion acting as a "restoring force" as described in §7.3.2. Thus, for a point p where the scalar curvature is positive, bounded and bounded away from zero, one expects to be able to construct a nonflat limit of pointed solutions (M, ω t , J, p). Arguing formally using the F -functional monotonicity (2.8) one expects this limit to be a steady soliton. In almost every case, the set Σ >0 is nonempty, and the areas of these curves grow linearly and so form the infinity of the resulting complete metric. In these cases one expects that limits bases at any point p / ∈ Σ >0 will yield a nonflat steady soliton, while points in Σ >0 will yield a flat limit. The exceptional cases are the Enoki surfaces described below which are certain exceptional compactifications of line bundles over elliptic curves. In the special case of parabolic Inoue surfaces the zero section of the line bundle is an elliptic curve, and forms Σ >0 . Outside of this special case the set Σ >0 is empty, but nonetheless we expect some section of the line bundle to play the role of Σ >0 as described above. We summarize:
Conjecture 7.8. Let (M 4 , J) be a compact surface of Class VII + . Given ω 0 a pluriclosed metric on M the solution ω t to pluriclosed flow with this initial data exists on [0, ∞). For a generic point p ∈ M as described above, the pointed spaces (M, J, ω t , p) converge in the pointed C ∞ Cheeger-Gromov sense to a nonflat complete steady soliton (M ∞ , J ∞ , ω ∞ , p) for some smooth function f ∞ . Furthermore,
The distribution orthogonal to θ ♯ ∞ + ∇f ∞ is integrable, and its generic leaf is an embedded submanifold of M ∞ , whose closure in M ∞ is a global spherical shell. This is a natural extension of Conjecture 7.6. We note that for all steady solitons the vector field θ ♯ +∇f is automatically holomorphic ([78] Proposition 3.4, which can be extended to the complete setting). Moreover, the twisted Lee form e −f (θ + df ) is automatically closed, and so this distribution is always integrable. Also, for the solitons on Hopf surfaces constructed in [78] , one can verify that the leaves of the distribution ker e −f (θ + df ) are global spherical shells. It would be interesting to determine if this was true for a general, non-Kähler complete steady soliton. Given the nature of the convergence process, assuming the generic leaf is a global spherical shell, this will yield the existence of one on the original complex surface (M, J), thus finishing the classification as described above.
Note that these conjectured limits bear a family resemblance to complete Calabi-Yau metrics, pioneered in work of Tian-Yau [92, 93] . A prototypical result of this kind exhibits a complete Calabi-Yau metric on M\D, where M is smooth quasi-projective, and D is a smooth anticanonical divisor with D 2 ≥ 0. Very loosely speaking the anticanonical divisor is a topological obstruction to the existence of a Ricci flat metric, and by removing it one can construct complete examples. Similarly, in this setting the curves in Σ >0 form an obstruction to the existence of a "Calabi-Yau" type metric, which the flow naturally pushes to infinity. We note however that complete Calabi-Yau do not arise as limits of the Kähler-Ricci flow on compact complex surfaces. The difference in the expected qualitative behavior can be traced back to the simple fact that c 2 1 = −b 2 ≤ 0 on these surfaces, which has a profound effect on the existence time and qualitative behavior on Class VII + surfaces versus other surfaces of Kodaira dimension −∞.
For complete pluriclosed solitons as described, in line with a conjecture of Yau for complete Calabi-Yau metrics [104] , it is natural to expect that these complete solitons admit compactifications (M ∞ , J ∞ ). These should be compact complex surfaces with b 1 = 1, thus Class VII + surfaces, although here again it is possible that the complex structure has "jumped" in the limit so that this compactification need not be biholomorphic to the original surface. Lastly, we note that not every Class VII surface admits holomorphic vector fields, and those that do are classified in [19, 20] . Despite this restriction, the conjectured convergence can still happen since we do not necessarily expect the vector field to extend smoothly to the compactification, and moreover the complex structure can change in the limit as mentioned.
Let us flesh this picture out for specific classes of Kato surfaces. First we consider the Enoki/Inoue surfaces, described as exceptional compactifications of line bundles over elliptic curves. We let E = C * / α , 0 < |α| < 1, be an elliptic curve. Fix some n ≥ 1 and t ∈ C n , identified with a polynomial via t(w) = t k w k . Using these one defines an automorphism of C × C * , g n,α,t (z, w) = (w n z + t(w), αw).
Let A n,α,t denote the quotient surface C × C * / g n,α,t , which is an affine line bundle over E. Enoki showed [22] , generalizing a previous construction of Inoue [44] , that these can be compactified with a cycle of rational curves, yielding a compact surface S n,α,t of Class VII + . Generically this cycle of curves are the only curves present in the surface, but in the case t = 0 (also known as parabolic Inoue surfaces), the zero section of the line bundle is a smooth elliptic curve in S n,α,0 , satisfying K · E = 1. Thus according to the conjecture above for parabolic Inoue surfaces we expect the area of this elliptic curve to grow linearly and ultimately form the "infinity" of a limiting complete steady soliton. For more general Enoki surfaces E n,α,t , there is still a topological torus in the homotopy class of the cycle of rational curves, whose area goes to infinity, conjecturally resulting in the same steady soliton limit resulting from E n,α,0 . It seems likely that the compactified limiting surfaces are all biholomorphic to E n,α,0 .
Next consider the Inoue-Hirzebruch surfaces. These were initially constructed by Inoue [45] , using ideas related to Hirzebruch's description of Hilbert modular surfaces [39] . These surfaces are constructed by resolving singularities of compactified quotients of H × C. These surfaces always admit two cycles of rational curves (cf. [17] for a description of these surfaces and the structure of their curves), each of which contains curves of self intersection ≤ −3. Thus according to the conjecture above we expect the limit soliton to have at least two ends, possibly more depending on the structure of the curves. In a given cycle of rational curves smooth −2 curves may intersect curves of high self intersection. As their area stays fixed while the high self-intersection curve is pushed to infinity, this suggests that the −2 curve forms a finite area cusp end with the intersection point now at infinity.
The two examples of Enoki surfaces and Inoue-Hirzebruch surfaces form the extreme cases of Dloussky's index invariant [16] , with the remaining cases called "intermediate surfaces". Despite the intricate structure of curves on these surfaces, the limiting picture is essentially the same as described in the examples above, with the curves in Σ >0 being pushed to infinity, forming potentially several ends, and all −2 curves either contained in a compact region or intersecting curves at infinity with a cusp end.
Part III: Classification of generalized Kähler structures
Generalized Kähler Geometry
Generalized Kähler geometry arose in work of Gates-Hull-Roček [29] , in the course of their investigation of supersymmetric sigma models. Later, using the framework of Hitchin's generalized geometry [40] , Gualtieri [36, 37] understood generalized Kähler geometry in terms of a pair of commuting complex structures on T M ⊕ T * M satisfying further compatibility conditions. For our purposes here we will restrict ourselves to the "classical" formulation and not exploit the language of generalized geometry. Thus a generalized Kähler structure on a manifold M is a triple (g, I, J) of a Riemannian metric together with two integrable complex structures, such that As shown by Pontecorvo [66] and Hitchin [41] , σ is the real part of a holomorphic Poisson structure with respect to both I and J, in other words
The vanishing locus of σ has profound implications for the structure of generalized Kähler manifolds, and it is natural to understand their classification in terms of its structure. The simplest case occurs when σ ≡ 0. In this case [I, J] = 0, and the endomorphism Q = IJ satisfies Q 2 = Id. Thus Q has eigenvalues ±1, and the eigenspaces of Q yield a splitting T M = T + ⊕ T − . These summands are I-invariant, thus we obtain a further splitting
Complex surfaces admitting a holomorphic splitting of the tangent bundle were classified by Beauville [6] . Apostolov and Gualitieri [2] determined precisely which of these admits generalized Kähler structure of this type. (1) A ruled surface which is the projectivization of a projectively flat holomorphic vector bundle over a compact Riemann surface, (2) A bi-elliptic surface, (3) A surface of Kodaira dimension 1 with b 1 even, which is an elliptic fibration over a compact Riemann surface, with singular fibers only multiple smooth elliptic curves, (4) A surface of general type, whose universal cover is biholomorphic to H × H, with fundamental group acting diagonally on the factors. The next simplest case occurs when σ defines a nondegenerate bilinear form at all points. It follows that Ω = σ −1 is a symplectic form, which is the real part of a holomorphic symplectic form with respect to both I and J. The simplest example comes from hyperKähler geometry. If (M 4n , g, I, J, K) is hyperKähler, then the triple (M 4n , g, I, J) is generalized Kähler, and using the quaternion relations one computes that Ω = ω K . As we will describe in §9.2, it is possible to deform this example to obtain a non-Kähler generalized Kähler structure with nondegenerate Poisson structure. The existence of a holomorphic symplectic form places strong restritions on the underlying complex manifolds. For complex surfaces, it follows from ([1] Proposition 2) that the only possible underlying complex surfaces are tori, K3 surfaces, or primary Kodaira surfaces. Considering the I and J-imaginary pieces of Ω, one overall obtains three independent self-dual forms, ruling out Kodaira surfaces which have b + 2 = 2. Thus such structures exist only on tori and K3 surfaces.
Generally, the Poisson structure can experience "type change", that is, the rank can drop on some locus. As we are in four dimensions, and the rank jumps in multiples of 4, the Poisson structure will be nondegenerate outside of a locus
It turns out that T is a complex curve in both (M, I) and (M, J). In the case the underlying surfaces are Kähler, T is the support of an anticanonical divisor, and so only Del Pezzo surfaces are possible backgrounds, and Hitchin [42] constructed generalized Kähler structures on these surfaces. If the underlying surfaces are non-Kähler T is the support of a numerically anticanonical divisor (cf. [18] ). In fact T must be disconnected ([1] Proposition 4), and by a result of Nakamura ([27] Lemma 3.3), a surface with disconnected numerical anticanonical divisor must be either a class 1 Hopf surface, or a parabolic or hyperbolic Inoue surface. The existence of generalized Kähler structures in some of these cases was established by Fujiki-Pontecorvo [27] .
Generalized Kähler-Ricci flow
As shown in ([82] Theorem 1.2), the pluriclosed flow preserves generalized Kähler geometry. This arises as a consequence of Theorem 2.6. In particular, one notes that generalized Kähler structures consist of a metric which is pluriclosed with respect to two distinct complex structures, satisfying further integrability conditions. By solving pluriclosed flow on both complex manifolds, and applying gauge transformations one obtains two solutions to (2.5) with the same initial data, yielding a time dependent triple (g t , I t , J t ) of generalized Kähler structures (cf. [82] for details). Unpacking the construction yields the following evolution equations, which have the notable feature that the complex structures must evolve along the flow. Definition 9.1. A one-parameter family of generalized Kähler structures (M 2n , g t , I t , J t , H t ) is a solution of generalized Kähler-Ricci flow (GKRF) if
As a special case of pluriclosed flow, in principle we have already described all of the conjectural long time existence and convergence behavior in part II. Nonetheless we will provide further discussion of long time existence results and refined descriptions of convergence behavior in this setting. Interestingly, the GKRF in the I-fixed gauge preserves the Poisson structure on complex surfaces, a natural fact since it is holomorphic and thus rigid. This can be shown using a case-by-case depending on the type (vanishing, nondegnerate, general) of the Poisson structure. Conjecturally this is true in all dimensions, and should follow from a direct computation. Depending on the type of the Poisson structure, the GKRF takes very different forms, which we will describe in turn below. 9.1. Commuting case. As discussed in §8, in the case [I, J] = 0 one obtains a splitting of the tangent bundle according to the eigenspaces of Q = IJ. This also induces a splitting of the cotangent bundle, which induces a splitting of the exterior derivative
Arguing similarly to the ∂∂-Lemma in Kähler geometry, it is possible to obtain a local potential function describing generalized Kähler metrics in this setting. In particular if (g, I, J) is generalized Kähler then near any point there exists a smooth function f such that
This difference of sign indicates a fundamental distinction between Kähler geometry and generalized Kähler geometry in this setting: rather than being described locally by a plurisubharmonic function, the metric is described by a function which is plurisubharmonic in certain directions and plurisuperharmonic in others. Nonetheless, given this local description, one expects the pluriclosed flow to reduce to a scalar PDE in this setting. This was confirmed in ([79] Theorem 1.1), and locally this PDE takes the form
We refer to this equation as "twisted Monge Ampere," as it is a natural combination of Monge Ampere operators for the different pieces of the metric. This PDE is still parabolic, but is mixed concave/convex, and thus many of the usual methods for analyzing fully nonlinear PDE do not directly apply. Nonetheless we were able to give a nearly complete picture of the long time existence of the flow on complex surfaces of this type. (1) A ruled surface over a curve of genus g ≥ 1.
(2) A bi-elliptic surface, (3) An elliptic fibration of Kodaira dimension 1, (4) A compact complex surface of general type, whose universal cover is biholomorphic to H × H, (5) An Inoue surface of type S M .
Then the solution to pluriclosed flow with initial condition g 0 exists on [0, τ * (ω 0 )).
Referring back to Theorem 8.1, the only cases not covered by this theorem are ruled surfaces over curves of genus 0 and Hopf surfaces. The reason for the restriction in the theorem is that we require one of the line subbundles T ± to have nonpositive first Chern class to obtain some partial a priori control over the metric. Also we note that there is overlap between this theorem and Theorems 4.3, 4.4 above. 9.2. Nondegenerate case. On the other extreme of generalized Kähler geometry is the nondegenerate case described above. In §8 we explained that if (M 4 , g, I, J, K) is hyperKähler, we can interpret (M 4 , g, I, J) as a generalized Kähler structure. Of course the underlying pairs (g, I) and (g, J) are still Kähler, but Joyce showed (cf. [1] ) that one can deform away from these examples to produce genuine examples of non-Kähler, generalized Kähler, structures with σ nondegenerate. Specifically, given f t a one-parameter family of smooth functions, we define a family of vector fields X t via X t = σdf t .
Let φ t denote the one parameter family of diffeomorphisms generated by X t , which one notes is Ω-Hamiltonian by construction (recall Ω = σ −1 ). The triple (I, φ * t J, Ω) determines a generalized Kähler structure, with g t determined algebraically by (8.1) .
Surprisingly, the generalized Kähler-Ricci flow evolves by precisely this type of deformation. In particular, given a generalized Kähler structure (M 4 , g, I, J) we let p = 1 4 tr IJ denote the angle between I and J. One has |p| ≤ 1, and the inequality is strict everywhere in the nondegenerate setting. In four dimensions the function p is constant if and only if g is hyperKähler ( [66] ). Thus we expect the generalized Kähler-Ricci flow in this setting to completely reduce to quantities involving the angle function, and indeed this is the case. Specifically, if we gauge-modify the generalized Kähler-Ricci flow to fix the complex structure I, then J t = φ * t J, where dφ dt = σd log 1 + p 1 − p .
This is roughly analogous to the usual scalar reduction for Kähler-Ricci flow, although here the Hamiltonian diffeomorphism φ t depends on the entire history of the flow on [0, t], and thus does not truly reduce to a single scalar. We can give a complete description of the long time existence and a weak confirmation of the conjectured convergence behavior in this setting. While one expects smooth convergence to a hyperKähler structure, the convergence behavior above at least shows that the flow contracts to the space of Kähler structures. In fact more convergence properties can be shown (cf. [77] for detail). This result was extended to arbitrary dimensions by the author and Apostolov [3] . The key observation is to show that a "generalized Calabi-Yau quantity," motivated by natural constructions in generalized geometry ( [35] ), governs the dynamics of the flow in the same manner that log 1+p 1−p does in four dimensions. 9.3. General case. The general case involves Poisson structures with type change locus, which exist on Del Pezzo surfaces, Hopf surfaces, and parabolic and hyperbolic Inoue surfaces as described above. In all of these cases the conjectures on pluriclosed flow imply a connectedness result for the space of generalized Kähler structures. Note that on a given complex manifold, the space of Kähler metrics is convex by linear paths, whereas uniqueness and moduli questions for complex structures are of course much more subtle. In understanding the space of generalized Kähler metrics, these two problems are linked. Moreover, there is no linear structure to this space, with the natural class of deformations instead using Hamiltonian diffeomorphisms as described above. Thus the generalized Kähler-Ricci flow can potentially yield connectedness of the space of generalized Kähler structures, a nontrivial consequence due to the nonlinear structure of this space. Furthermore, the conjectural behavior for parabolic and hyperbolic Inoue surfaces described in part II suggests that the limiting complete steady soliton metrics associated to these surfaces should in fact be generalized Kähler, and thus generalized Kähler structures should play a key role in understanding the geometrization of complex surfaces.
As an example, consider the case of CP 2 , where uniqueness of the complex structure in known [102] . Hitchin [42] constructed generalized Kähler structures on CP 2 by a modification of the Hamiltonian diffeomorphism method described above, deforming away from the standard Fubini Study structure. Given this, and even knowing the uniqueness of complex structure on CP 2 , it is still possible that the space of generalized Kähler metrics has multiple disconnected components, i.e. there may exist other generalized Kähler triples not arising by this deformation. This problem can be very naturally addressed using the generalized Kähler-Ricci flow, and in particular we can rule out the existence of such exotic generalized Kähler structures. The main input is a description of the long time existence and weak convergence behavior of generalized Kähler-Ricci flow in this setting. Moreover, (ω I ) t subconverges to a closed current.
As we detail in [73] , there is a natural completion of the space of generalized Kähler metrics extending the usual completion of Kähler metrics in the space of closed currents. Our result yields connectivity of this space, and in fact that any point in this space is equivalent to the standard Fubini study structure by an extended Courant symmetry. This is a natural extension of the classical uniqueness Theorem of Yau [102] for complex structures on CP 2 to generalized Kähler structures.
